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Abstract:   This paper presents a novel observer-based controller for a class of nonlinear multi-agent robot models using the high order
sliding mode consensus protocol. In many applications, demand for autonomous vehicles is growing; omnidirectional wheeled robots are
suggested to meet this demand. They are flexible, fast, and autonomous, able to find the best direction and can move on an optional path
at any time. Multi-agent omnidirectional wheeled robot (MOWR) systems consist of several similar or different robots and there are
multiple different interactions between their agents, thus the MOWR systems have complex dynamics. Hence, designing a robust reli-
able controller for the nonlinear MOWR operations is considered an important obstacles in the science of the control design. A high or-
der sliding mode is selected in this work that is a suitable technique for implementing a robust controller for nonlinear complex dynam-
ics models. Furthermore, the proposed method ensures all signals  involved  in the multi-agent system (MAS) are uniformly ultimately
bounded and the system is robust against the external disturbances and uncertainties. Theoretical analysis of candidate Lyapunov func-
tions has been presented to depict the stability of the overall MAS, the convergence of observer and tracking error to zero, and the reduc-
tion of the chattering phenomena. In order to  illustrate the promising performance of the methodology, the observer  is applied to two
nonlinear dynamic omnidirectional wheeled robots. The results display the meritorious performance of the scheme.
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1   Introduction

Nowadays, the  evolution  of  robotics  is  moving  to-

wards  the  widespread  usages  of  mobile  robots  (MR)  in

novel  arenas[1, 2], like  transporting  products,  force  feed-

back  operations,  human  service,  service  robotics,  and

space,  etc.[3, 4] The  MR  is  commonly  used  in  industrial

and commercial applications, e.g., warehouses, industrial,

inspection  and  repair  of  power  transmission  lines  (smart

grids)[5],  security,  the  inspection  of  agricultural  crops  on

farms[6], helping people in natural disasters[7], military set-

tings[8],  the  smart  interface  for  interaction  with

customers[9], hospitals to move materials and also helping

people  with  mobility  impairments[10], entertainment,  do-

mestic robots,  and  consumer  products  such  as  vacuum-

ing or gardening. The MR can be described as a subset of

robotics and information engineering. They are not fixed

in a certain place and can freely move in their surround-

ings,  and  some  of  them  are  autonomous  which  means

they  can  be  navigating  a  new  environment  without  the

need for physical or electromechanical guidance machines.

In  order  to  expand  the  efficiency  of  transporting

products, the MRs and conveyance carriers are applied in

hospitals, warehouses, and factories. Moreover, in a relat-

ively controlled space, they use guidance devices that per-

mit  them  to  move  on  a  preset  navigation  path.  On  the

other  hand,  industrial  robots  are  usually  moving less.  In

the  next  35  years,  the  population  of  people  who  are  60-

year-old or above will increase from 12% to 21%, accord-

ing  to  reports  from some institutions  such as  the  World

Health Organization[11] and United Nations[12]. Therefore,

the development of the MR can be used as a modern tool

to raise the quality of  human life for people with mobil-

ity impairments and elderly people. Hence, the combina-

tion  of  fixed  domotic  systems[13] and  the  MRs[14] can  be

contributed to  supervise  or  develop some domestic  tasks

or applied at home within an unstructured environment.
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Research on mobile robots is interesting for scientists.

Accordingly,  there  are  one  or  more  laboratories  focused

on MR  research  in  almost  every  major  technical  uni-

versity.  The  conventional  MRs  and  vehicles  are  usually

moved forward and backward, and steering is applied to

move in various directions. On the other hand, these ro-

bots must use turnabouts and switchbacks to move in dif-

ferent  directions,  but  environments  with  many  obstacles

and  narrow passages  disrupt  efficient  motion.  Therefore,

an omnidirectional  wheeled robot  is  able  to  move in  the

diagonal  directions  and  crosswise  directly;  furthermore,

the direction and steering are needed to move front and

back. In order to obtain that demand, different mechan-

isms for the omnidirectional wheeled robot movement are

presented  and  studied[15, 16]. In  small  spaces,  the  omni-

directional  wheeled  robots  are  very  capable  and  follow

complex trajectory paths for quick maneuvering. Some of

these robots use three wheels, composed of passive rollers

with shifted 120 degrees. The inclusion of a small design

also  minimizes  the  probability  of  it  getting  accidentally

caught. The flexibility of the omnidirectional wheeled ro-

bot  depends  on  the  unique  structure  of  the  wheels,  e.g.,

alternate,  Mecanum,  ball,  series,  and  orthogonal

wheels[17],  and  in  models[18, 19],  the  omnidirectional

wheeled robots have 3-degree of freedom (DOF). The pre-

cise  dynamical  model  to  predict  the  performance  of  the

omnidirectional robots with 3 and 4 wheels are discussed

in [20]. In [21], a trajectory tracking controller for the om-

nidirectional  wheeled  robot  is  proposed.  The  method  is

used for the problem of regulation and motion. A model

with uncertainties in the dynamic system[22],  also applies

the  theory  of  Lyapunov  stability  and  intelligent  control

methods,  like  fuzzy  logic  control[23],  neural  networks[24],

adaptive  and  distributed  consensus  back-stepping

control[25]. Input-output linearization by state feedback of

the  nonlinear  synchronous  generator  in  adaptive  control

is proposed[26].

The  sliding  mode  is  a  technique  to  design  a  robust

controller  and  observer  for  nonlinear  systems  operating

under  uncertainty  conditions.  It  has  a  simple  overall

structure,  fast  response,  no  sensitivity  to  the  internal

parameters,  and  external  disturbances[27],  robustness

against  parameter  uncertainty,  and  existing

disturbances[28, 29]. In  spite  of  claimed  robustness  proper-

ties, the traditional sliding mode control has a special bug

that is the chattering phenomenon. The presence of high-

frequency  vibrations  in  the  controlled  system  that  these

vibrations  degrades  the  system  performance  and  may

compromise the  overall  system  stability.  For  the  reduc-

tion of the chattering and maintaining the merits of tra-

ditional  sliding  mode,  a  high  order  sliding  system  was

presented in [30, 31]. The super twisting algorithm is one

of  the  most  applied  methods  in  the  high  order  sliding

mode. In [32], a fuzzy sliding-mode consensus controller of

networks of uncertain dynamic agents under external dis-

turbances is investigated. Chang et al.[33] present a forma-

tion  tracking  control  for  the  multi-robot  systems  via  an

adaptive  fuzzy  sliding  mode  formation  controller  that

uses  the  multi-agent  system  to  accomplish  the  desired

formation.  For  the  determination  of  the  best  control

strategy[34], single-input  multi-output  systems  are  dis-

cussed by  decoupled  and  hierarchical  sliding  mode  con-

trol.  A novel  sliding  mode control  with  variable  gains  is

proposed to obtain a reduction of the so-called chattering

effect, and also preserves the robust properties of the con-

ventional sliding modes[35]. A realization of consensus un-

der  matched  uncertainties  for  reducing  the  chattering

with the second-order sliding mode is investigated in [36].

Designing an  observer  controller  for  a  nonlinear  dynam-

ics system has been evaluated in [37].

A  significant  field  of  robotic  research  is  the  multi-

agent  omnidirectional  wheeled  robot  (MOWR)  systems.

Generally, there are many benefits of such systems, such

as  adaptability,  including  greater  flexibility,  robustness,

and applicability to more than a single  robot.  Using the

mathematical  model  of  the  multi-agent  systems  (MASs)

and  paying  extreme  attention  to  the  agent  dynamics  is

focused  in  [38].  The  main  point  of  [39] is  the  investiga-

tion of consensus leader-follower multi-agent systems with

external disturbances.  How  to  design  a  distributed  con-

trol  law  by  using  super-twisting  is  shown  in  [40],  which

investigates a new surface of twisted sliding mode for con-

sideration to ensure finite time consensus. To ensure the

consensus of  MAS is  reached in  finite  time,  a  novel  dis-

tributed  controller  with  asymptotic  consensus  by  using

directed communication topology is proposed[41]. Evaluat-

ing the sliding mode surface by using a sliding mode tech-

nique  occurs  in  [8].  According  to  the  prescribed  sliding

surface,  each  agent  is  coupled,  and  in  the  limited  time,

they  are  able  to  reach  the  sliding  surface.  Compared  to

the  other  research,  this  paper  focuses  on  the  nonlinear

controller for a class of multi-agent robot models via the

high  order  sliding  mode  consensus  protocol.  Designing  a

robust controller for affine MAS is one of the most innov-

ative methods when comparing with other methods since

it  uses  the  sliding  mode  technique.  The  stability  of  the

closed-loop system and convergence of the tracking error

to zero are both guaranteed in the presence of  the noise

and disturbances. The consensus protocol, robust, conver-

gence, and stability are the main merits of this controller.

The  remainder  of  this  paper  is  organized  as  follows.

Some mathematical preliminary definitions which include

multi-agent systems, graph theory, and Kronecker math-

ematics are presented in Section 2. Section 3 presents the

problem  statement  of  the  multi-agent  system.  Section  4

reveals the observer based controller algorithm for forma-

tion tracking  of  high-order  multi-agent  systems.  Simula-

tion  results  are  presented  in  Section  5,  and  conclusions

are drawn in Section 6. 

2   System formulation, preliminaries,
and definitions

This section presents some important preliminary, sta-

bility definitions, interaction modeling between the agents

and multi-agent systems which rely on graph theory, and

Kronecker mathematics[42].
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ẋ = f(x, t)

x(t) t0 x0

x ∈ Rn f(x, t) x

t f(x, t)

Definition 1.  is considered as a nonlinear

dynamical system.  at point  equals  and assumes

 that  shows a Lipschitz continuous due to 

that  is  uniformly  and  piecewise  continuous  during  the

time .  is  a  nonlinear  dynamical  system  which

makes standard  conditions  for  the  uniqueness  and  exist-

ence of solutions.

x∗ ∈ Rn

f(x∗, t) ≡ 0 x∗ ẋ = f(x, t)

x∗ x∗

x∗ x∗

x∗ x∗ t→ ∞

Definition 2. Consider  a  point  and assume

,  so  is  an  equilibrium point  of .

An equilibrium point is locally stable if all solutions that

start  near  remain  near  for  all  time.  On  the  other

hand,  is  locally  asymptotically  stable,  if  is  locally

stable  and  all  solutions  starting  in  the  neighborhood  of

the point  tend towards  when 

x∗ = 0

ẋ = f(x, t)

t = t0 ε > 0

δ

Definition  3. (Lyapunov  theory)  Consider 

that is  named the equilibrium point and  that

is  stable  at ,  if  for  all  exists a  positive  para-

meter such , so that:

∥x(t0)− xe∥< δ → ∥x(t)− xe∥< ε, ∀t ≥ t0.

x0 = x(t0) ∈ Rn

Suppose  that  the  above  condition  is  satisfied  for  all

, then it can be said the equilibrium point

is globally stable. Fig. 1 depicts the geometric inter- pret-

ation  of  Lyapunov′s  theorem.  At  equilibrium points,  the

stability of  Lyapunov  is  considered  to  be  a  very  moder-

ate demand.

x∗ = 0
d
dtx = f(x, t)

t = t0 x∗ = 0

δ(t0)

Definition  4. (Asymptotic  stability)  An  equilibrium

point  of  is  asymptotically  stable  at

, when  is stable and locally attractive, there

is a  so that:

∥x(t0)∥< δ → lim
t→∞

x(t) = 0.

t0
x∗ = 0

δ t0

Here, as in definition 1, the asymptotic stability is ex-

plained  at .  For  the  conditions  of  uniform  asymptotic

stability,  is uniformly  locally  attractive  and  uni-

formly  stable,  that  mean  there  is  independent  of ,

∥x(t0)∥< δ

∥x(t0)∥< δ

where  and also  it  is  needed  that  the  conver-

gence in e   was uniform.

V (x, t)

d
dtx = f(x)

t x0 t0 ẋ = f(x)

t x0 t0

Definition  5. When  an  derivative  of  is  not

definitely  locally  positive  for  asymptotic  stability  of  an

equilibrium point,  Lasalle′s theorem can be  used.  Never-

theless, Lasalle′s theorem is used for periodic or autonom-

ous models. Therefore, the autonomous model 

is  as S( , , ),  where it  is  the solution of  at

time  starting from  at time .

S Rn

w

S(t, x0, t0) tn
y ∈ S tn

Definition 6. Consider a set  that is a subset of ,

and  also  consider  a  limit  set  for  the  trajectory

.  show  a  strictly  increasing  sequence  of

times, for all , if there exists a ,

S(tn, x0, t0) → y when tn → ∞.

M Rn

ε > 0 δ y ∈M

t0 ≥ 0

w

Definition  7. The  set  is  a  subset  of  and  is

defined as  a  positively  invariant  set.  Therefore,  if  for  all

,  there exists a positive parameter  so that 

and . However,  it  may  be  proved  that  the  limita-

tion set  for every path is fixed and closed.

V

Rn → R
Ωc = {x ∈ Rn : V (x) ≤ c}

V̇ (x) V̇ (x) ≤ 0

S = x ∈ Ωc (
d
dt )V (x) = 0

tn → ∞
S w

S

S x = 0 0

Theorem 1. (Lasalle′s theorem) The function  is a

subset  and it is considered as a locally positive

definite.  On  the  compact  set ,

there is  that is locally negative definite ( ).

Also,  is  defined,  so  that  when

 the path tends to the largest invariant set inside

.  In  other  words,  the  limitation  set  is contained  in-

side the largest invariant set in . In particular, if the set

 contains  no invariant  sets  other  than ,  then  is

asymptotically stable. 

2.1   Graph theory and Kronecker mathem-
atics

ψ = (S,H)

H

N S = S1, · · · , Sn

(Si, Sj) H

Si Sj

 displays the interaction between the agents

and topology where the relation between agents is  and

there are  a  directional  arrows  in  the  graph,  the  set  in-

clude  agents  represented  by .  The

 displays  elements  of  that is  directionally  ar-

rowed from  to .

Definition 8. It is assumed in the graph that there is

not a loop in nodes, the flow of information between two

agents is  shown  by  the  direction  of  the  arrow.  The  de-

gree of each node is equal to the arrows entered for each

agent and the degree of each agent is equal to the num-

ber of arrows out of each agent. If the number of incom-

ing  arrows  and  the  number  of  outgoing  arrows  for  each

agent being equal,  we can be said that the graph is bal-

anced and otherwise the graph is unbalanced.

aij

aij > 0

aij = aji

Definition  9.  is  considered  as  a  weight,  it  is

placed between two agents which specifies the amount of

information and data exchanged. In this work, all weights

are  considered as  non-zero  strictly  positive  ( ).  An

undirected  graph  is  meant  to  satisfy  this  condition

 for all nodes, and it turns out that the weights

 

x1

x2

V

V(x1, x2)

 
Fig. 1     Geometric interpretation of Lyapunov′s theorem
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Si Sj Sj Siof the edges ( , ) and ( , ) are the same.

Ni = j ∈ S : (i, j) ∈ ε, j ̸= i

Si Sj

δ

Definition 10. The  neighbors  of  each  agent  are

defined as  in the MASs. The

shortest  direction  from  the  agent  to  the  agent  is

considered  as  the  distance  between  two  agents.  On  the

other  hand,  the  biggest  distance  between  two  agents  is

assumed as  the  diameter  of  a  graph.  is  defined as  the

graph  tree  which  all  agents  except  the  initial  one  have

one in-degree.  The graph tree is  also a connected graph,

those agents can be expressed as roots because they have

one  in-degree.  The  directed  tree  has  taken  the  form  via

edges of the graph where this is called the spanning tree

in a graph. Most graphs have three matrices as follows:

1) δ

aij
i j aij

i

j aij

  is  defined  as  the  adjacency  matrix  which  is  a

square  matrix,  and  the  elements  of  each  column  of  the

adjacency matrix  specify the communication between

node  and  node .  Hence,  when  is  0,  it  means  that

there is  no communication between the two nodes  and

.  Furthermore,  if  is  1,  there  is  a  communication

between two nodes.

2) D

0

 Consider  the  symbol  as  the  diagonal  matrix,

where  the  principal  elements  present  the  degree  of  that

node and other elements equal to .

3) L The  symbol  defines  the  Laplacian  matrix  which

does a  significant  task  in  the  analysis  of  dynamical  sys-

tems in the graph that can be written as

L = D − δ.
 

2.2   Kronecker mathematics

⊗The symbol  is the Kronecker multiplication that it

used  in  the  context  of  the  MASs.  This  multiplication  is

defined as follows:

δ ⊗ λ = [aij ].

δm×n BP×q

δ ⊗ λ mp× nq

Consider  the  matrix  and  matrix ,  thus

 makes a matrix with dimensions :

δ ⊗ λ =


a11λ a12λ ... a1nλ

a21λ a22λ ... a2nλ

... ... ... ...

am1λ an2λ ... amnλ

 .
Some properties  of  Kronecker  multiplication  are  pro-

posed as follow:

1-distributive and associative property:

δ ⊗ (λ+ C) = δ ⊗ λ+ δ ⊗ C

(δ + λ)⊗ C) = δ ⊗ C + λ⊗ C

(Kδ)⊗ λ = K(δ ⊗ λ) = δ ⊗ (Kλ)

δ ⊗ λ = P (λ⊗ δ)Q, P = QT.

In  the  above  equations,  all  the  dimensions  of  the

matrices are the same.

(δ ⊗ λ)(C ⊗D) = (δC)⊗ (λD).

2-multiplicative inverse, transpose, conjugate Kroneck-

er multiplication, and absolute value Kronecker multiplic-

ation:

(δ ⊗ λ)−1 = δ−1 ⊗ λ−1

(δ ⊗ λ)T = δT ⊗ λT

(δ ⊗ λ)∗ = δ∗ ⊗ λ∗

|δ ⊗ λ| =|δ|m|λ|n

δ λ n× n n×mwhere  and  are  matrix  with  and 

dimensions. 

3   Problem statement

An important goal of MAS is to provide the basics of
building complicated systems which includes some agents
and mechanisms. The reorganization, the coordinating of
the  agent  behavior  in  goals,  knowledge,  and planning  to
resolve  the  problems  are  named  as  the  most  important
part of the MAS. There is not any overall control system
(distributed control) and decentralization of the data for
the  agent′s  problems  and  lack  of  sufficient  knowledge  of
each agent. Therefore, agents have to communicate with
each other  to  achieve the objectiveness. Fig. 2 shows the
geometric interpretation of an example of MAS. The non-
linear dynamical agent is considered as follows:

β̇i,l = βi,l+1

β̇i,l+1 = βi,l+2

β̇i,l+2 = βi,l+3

· · ·

β̇i,ni = fi(βi) + gi(βi)ui + di(t)

l = 1, 2, · · · , ni − 1 (1)
fi(·)

gi(·)
where d(t) is the noise and disturbance variable,  and

 are  the  same  for  all  agents  and  the  satisfaction  of

the Lipchitz have been achieved in (1), therefore:

β̇i = δiβi + λi[fi(βi) + gi(βi)ui + di(t)] (2)

δi λiwhere ,  are shown as follows:
 

0

1

2

3

4

5

 
Fig. 2     Geometric interpretation of an example of a multi-agent
system
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δi =



0 1 0 0 0 ... 0

0 0 1 0 0 ... 0

0 0 0 1 0 ... 0

... ... ... ... ... ... ...

0 0 0 0 0 ... 1

0 0 0 0 0 ... 0


, λi =



0

0

0

...

0

1


.

(3)

The leader agent can be described as follows:

β̇m = δmβm + λmrm. (4)
The  leader  agent  in  (4)  leads  the  other  agents  to

achieve consensus.  The agents of  the nonlinear MAS are

considered as

β̇i = (IN ⊗ δ)βi + λ
[
f(β) + g(β)u+ d(t)

]
. (5)

The  above  agents  must  follow  the  leader  agent  and

should reach a consensus in a point, therefore, the leader

agent dynamic is considered as follows:

α̇m = (IN ⊗ δ)αm + λr. (6)

Equation (7) shows the overall system as

α̇ = (IN ⊗ δ)α+ λ[f(β) + g(β)u+ d(t)]. (7)

HThe following equation expresses the tracking error 

that has an important role in consensus protocol:

H = −
(
(L+ λ)⊗ IN

)
(α− αm). (8)

So, by using (8), the tracking error can be written as

follows:

Ḣ = −[(L+ λ)⊗ IN ](α̇− α̇m). (9)
By substituting (6)  and (7)  into (9),  the tracking er-

ror can be rewritten as follows:

Ḣ = −[(L+ λ)⊗ IN ]
(
(IN ⊗ δ)α+ λ[f(β) + g(β)u+

d(t)]− (IN ⊗ δ)αm − λr
)
. (10)

Equation (10) is changed to:

Ḣ =− (IN ⊗ δ)
(
(L+ λ)⊗ IN

)
(α− αm)−(

(L+ λ)⊗ IN
)
λ[f(β) + g(β)u+ d(t)− r]. (11)

Next  with  some  mathematical  manipulations  in  (11),

it can be written as

Ḣ = −

IN ⊗ δ︸ ︷︷ ︸
δ′

H−

((L+ λ)⊗ IN︸ ︷︷ ︸
L

)λ[f(β) + g(β)u+ d(t)− r]

 .

(12)
Then,  the  tracking  error  of  the  overall  system  is

shown as

Ḣ = −δ′H − Lλ[f(β) + g(β)u+ d(t)− r]. (13)

An observer  based  on  sliding  mode  technique  is  con-

sidered for the multi-agent model in this work that is giv-

en as (14):

˙̂αi = (IN ⊗ δ)α̂+ λ[f̂(βi) + g(βi)u+ d(t)]. (14)

Equation (15) shows the estimation of the tracking er-

ror for the multi-agent:

Ĥ = −[(L+ λ)⊗ IN ](α̂i − αm). (15)

Hence, the tracking error is defined with (16):

˙̂
H = −[(L+ λ)⊗ IN ]( ˙̂αi − ˙αm). (16)

By substituting  (6)  and  (14)  into  (16),  (17)  is  ob-

tained as follows:

˙̂
H = −

IN ⊗ δ︸ ︷︷ ︸
δ′

 Ĥ−

((L+ λ)⊗ IN︸ ︷︷ ︸
L′

)λ[f̂(β) + ĝ(β)u+ d(t)− r]

 .

(17)

f g f̂(·) ĝ(·) ∆f

∆g ∆f = f̂ − f ∆g = ĝ − g

The estimation of  and  are  and , also 

and  are  defined  as  and .

Therefore,  the tracking error  of  observer  for  the MAS is

as follows:

˙̂
H = −δ′Ĥ − L′λ[∆f(β) + ∆g(β)u+ d(t)− r]. (18)

Hence, the tracking error dynamic must be minimum

which ultimately leads to consensus. 

4   Observer based controller for MAS

A  high-order  sliding  mode  observer  based  controller

for  MAS  is  presented  in  this  section.  The  sliding  mode

observer based controller has two main phases, the reach-

ing  and  sliding  phases.  The  sliding  surface  is  considered

with (19) according to the dynamics (13):

Z = Ĥ. (19)

Z = 0

In the reaching phase, the sliding mode can stabilize a

time  limit  for  the  sliding  variable  so  that  in  the

sliding  phase.  According  to  the  propose  sliding  surface,

the signal of the control is shown as

utotal = ueq + ur (20)

ur ueq

ur

where  and  are  the  reached control  input  and the

equivalent control input. The  which is used to remove
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certain terms is presented as follows:

ueq =
1

g(β̂)

[
f(β̂) + d(t)− r +

δ′H

L′λ

]
(21)

and


g(β̂) > gmin

∥g(β̂)∥< gmax

∥d(t)∥< dmax.

(22)

ur

The reach control is used by the high-order algorithm,

therefore,  is defined as follows:

ur = −k1sgn(z)− k2sgn(ż), k1, k2 > 0. (23)

i n

Fig. 3 displays  the  control  scheme  based  on  a  leader

robot  and follower robot .

Theorem 2. Consider the multi-agent model (5) and

the tracking error of the observer (18). Then the control

law (20) causes the state′s consensus and will stabilize the

overall system and observer.

Proof. In  order  to  prove  the  stability,  a  Lyapunov

function is considered as

Ly =
1

2
Z2 (24)

L̇y ≤ 0

to  demonstrate  the  stability  of  the  system  must  be

 and  the  derivative  of  the  Lyapunov  function  is

L̇y = ZŻ.  Hence,  it  must be established in the following

condition:

L̇y = ZŻ ≤ 0. (25)

L̇y = ZŻ ≤ −η|Z|The  inequality  should  be  satisfied

in  order  to  achieve  limited time stability  and consensus.

So, using (15), (18) and (19) can be rewritten as

L̇y = ZŻ ≤ −η|Z| =

Ĥ
(
− δ′Ĥ − L′λ[f(β) + g(β)u+ d(t)− r]

)
≤ −η|Z|.

(26)

According to control input (20), (26) is rewritten as

Z(λur) ≤ −η|Z|. (27)

k1 k2
ur = −k1sgn(z)− k2sgn(ż) k1, k2 > 0

Z, Ż → 0

Then,  by  applying  (27),  and  can  be  derived  as

,  where ,  then

. Using the variable changing as

ζ1 = Z → ζ̇1 = Ż = ζ2 (28)

ζ2 = Ż → ζ̇2 = −k1sgn(ζ1)− k2sgn(ζ2). (29)

ζ1, ζ2 0 Z, Ż = 0

Lζ

Now,  must  be ,  because  the  , there-

fore the Lyapunov function  is

Lζ =

∫ ζ1

0

k1sgn(τ)dτ +
1

2
ζ22 (30)

 

Observer

Observer

Input
High order

sliding mode control SMC
Robot i

utotal

utotal

Disturbances

uncertainties

Disturbances

uncertainties

Robot n

Leader

Output

Input

High order SMC

Output

Follower

Fig. 3     Control scheme based on a leader-follower approach
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then

Lζ = k1|ζ1|+
1

2
ζ22 . (31)

The derivative of the previous equation is

L̇ζ = ζ̇1k1sgn(ζ1) + ζ2ζ̇2. (32)

By placing (28) and (29) into (32), (32) can be rewrit-

ten as

L̇ζ = ζ2k1sgn(ζ1)− ζ2[k1sgn(ζ1)− k2sgn(ζ2)] (33)

therefore,

L̇ζ = −k2|ζ2| ≤ 0. (34)

Lassalle theorem
L̇ζ −k2|ζ2|

k2 ζ2
0 ζ̇1 = 0 → ζ̇2 = 0 Z = Ż = 0

L̇y = ZŻ ≤ −η|Z|

According  to  the  ,  the  derivative  of

Lyapunov function  is zero, also  is obviously 0

and  is  positive  definite.  Then,  is  led  to  the  origin

( ) that means  , next . There-

fore, the overall system and observer are stable. With the

integration of both sides of  in order to

get states, then

Z
d
d tZ ≤ −η|Z| → Z

|Z|dZ ≤ −ηdt→∫ 0

z0

Z

|Z|dZ ≤
∫ tr

0

−ηdt. (35)

These  states  have  the  absolute  values,  thus  can  be

written as

f : Z > 0 →
∫ 0

z0

1dZ ≤
∫ tr

0

−ηdt→ tr ≤ Z0

η

f : Z > 0 →
∫ 0

z0

−1dZ ≤
∫ tr

0

−ηdt→ tr ≤ −Z0

η
(36)

0

in  non-final  states,  the  duration  is  not  limited  or  when

the sliding surface reaches , the duration is unknown.

tr ≤ |Z0|
η
. (37)

t

tr

The time parameter  can be set to reaching the slid-

ing surface that it has been shown . □ 

5   Checking the performance (simulation
results)

In this section, a decentralized sliding mode cooperat-

ive  control  of  two nonlinear  multi-agent  omini-direction-

al robots is applied to demonstrate the power of the men-

tioned observer law. The windows-10 OS with Pentium-5

PC, Core 2 Duo 3.2-GHz CPU, 2 048-MB memory, and 1 024-

MB  VGA  is  used  for  simulation.  And  also  the  control

scheme mentioned is implemented in Matlab, Simulink.
 

5.1   Example 1: MOWR with three wheels

b

Today, the need for MR is significantly growing[43, 44].

According to the free movement of these robots, MRs can

move  with  high  flexibility  and  can  do  more  duties  than

conventional  robots[45−47].  The  omnidirectional  robot  is

the name  for  a  special  class  of  MRs  where  they  can  ro-

tate around their centers of gravity and translation. Un-

like conventional vehicles, the omnidirectional robots can

control each  of  their  degrees  of  freedom  (DOFs)  inde-

pendently.  They  can  move  on  complex  trajectory  paths

and are able to maneuver in small spaces. Also, the prob-

ability of collision with objects is minimized according to

the circular design of the robot. In Fig. 4, the motion sys-

tem  of  the  omnidirectional  robot  is  displayed  which  is

three wheels shifted 120 (degrees) and composed of pass-

ive rollers. This robot has three direct current (DC) mo-

tors with the gearbox in order to increase the torque. The

DC  motors  are  attached  to  the  wheels  which  makes  it

able  to achieve 3-DOF and the distance from the center

of  the  robot  to  the  center  of  each  wheel  is .  Equation

(38) shows the state-space of the MOWR system that due

to the Coulomb friction effect the model is nonlinear:

d
dtxi,ni(t) = fi(xi,ni) + giui(t) +Ki sgn(xi,ni) (38)

[xi,1 = v, xi,2 = vn, xi,3 = w]T

xi,ni(t)

u(t) = [u1, u2, u3]
T

v vn

w

where  is  the  state  vector

 such that  the velocities  mean the velocity  of  the

robot frame. Fig. 5 displays the robot platform and three

wheels  with  the  DC  motor  as  the  driving  force.

 shows  the  control  input  which  is  a

continuous control signal. The angular velocity and linear

velocity of the robot are  and  that are the orthogonal

components  of  the  omnidirectional  robot  platform  and

also  the  robot  pose  in  the  earth  coordinate  system  is

defined with vector . Therefore, the states of the system

are considered as follows:

 

Wheel 1

Wheel 2
Wheel 3

 
Fig. 4     Coordinate systems and geometric parameters
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ẋi,1[t] =− Γ1xi,1(t) + Λ1u2(t)− Λ1u3(t)−

CvM
−1 sgn[xi,1(t)]

ẋi,2[t] =− Γ2xi,2(t)− Λ2u1(t) + Λ2sen[δ(u2(t)) + u3(t)]

− CvnM
−1 sgn(xi,2(t))

ẋi,3[t] =− Γ3xi,3(t)− Λ3[u1(t) + u2(t) + U3(t)]−

CwM
−1 sgn(xi,3(t))

(39)

and

Γ1 =
3l2K2

t + 2Rar
2Bv

2MRar2

Γ2 =
3l2K2

t + 2Rar
2Bvn

2MRar2

Γ3 =
3l2K2

t + 2MRar
2Bw

2MRar2In

Λ1 =
lKtcos(δo)
RarM

Λ2 =
lKt

RarM

Λ3 =
lKtb

RarIn
(40)

Ra = Ra1,··· ,3 Kt = Kt1,··· ,3 l = l1,··· ,3 r = r1,··· ,3

La1,··· ,3

δo
π

6
b

Bv Bvn Bw

Cv Cvn Cw Kti Lai

Rai ri li iai

for  the  presented  robot  model,  it  is  defined  that

, ,  and .

 parameters  are  ignored  because  they  have  little

value.  is  represented ,  is  the distance between the

robot′s  center  of  mass  and  the  wheels. ,  and 

are the viscous friction coefficients,  the Coulomb friction

coefficients are represented as ,  and . , ,

, ,  and  are the torque constant,  the armature

inductance,  resistance,  wheels  radius,  motor  reductions

and  armature  currents,  respectively.  Consider  the

following dynamics of the robot for each agent as follows:

 ẋi,1(t)

ẋi,2(t)

ẋi,3(t)

=A
 xi,1
xi,2
xi,3

+B
 u1

u2

u3

+K sgn


 xi,1
xi,2
xi,3


 .

(41)

Table 1 depicts the geometric parameters, motor para-

meters,  and  the  estimated  parameters.  Therefore,

matrices A, B and K are given by

A =

 −3.63 0 0

0 −3.51 0

0 0 −5.69



B =

 −0.47 0 0.47

0.25 −0.51 0.25

5.56 0.51 5.56



K =

 −0.98 0 0

0 −1.05 0

0 0 −6.06

 . (42)

Fig. 6 reveals  that  all  agents  achieved  consensus  on

the third  state  of  the  multi-agent  system,  and  it  is  not-

able that the consensus has been reached in a short, lim-

ited time. In Fig. 7, the simulation results in the presence

of  measurement  noise  is  displayed;  all  agents  achieved

consensus  on  the  third  state  of  the  nonlinear  MOWR.

System responses under the high order sliding mode con-

sensus protocol  observer  based  controller  for  the  pro-

posed MOWR in the presence of measurement noise and

the  environmental  disturbances  are  depicted  in Fig. 8.
 

C
Table 1    Parameters of the ominidirectional robot (B is the

viscous friction,   is Coulomb friction)

Parameter Explanation Value

Bv vFor axis  2

Bvn vnFor axis  1.5

Bw wFor axis  0.024

Cv vFor axis  1.2

Cvn vnFor axis  0.8

Cw wFor axis  0.003 5

b Robot′s radius 0.1 m

M Robot′s mass 1.5 kg

La1,··· ,3 Armature inductances 0.000 11

In Robot′s inertial momentum 0.025

Ra = Ra1,··· ,3 Armature resistances 1.66

δ Angle 30°

r = r1,··· ,3 Wheels′ radius 0.035

l = l1,··· ,3 Reduction 19:1

Kt = Kt1,··· ,3 Torque constants 0.005 9
 

 

υn

υ

ω, Γ

Wheel 3

θδ

P

b

Wheel 2
Wheel 1

X

Y

O xr

yr

 
Fig. 5     Schematic of flexible-joint robot[48]
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xi,1
xi,2 xi,3

The  simulation  results  demonstrated  in  this  case  are

shown in Fig. 8. Fig. 8 depicts  the  state  response  of ,

 and  for the closed-loop system.

A  proportional  integral  derivative  controller  (PID)

controller is  presented  to  improve  performance  for  con-

trol of the nonlinear multi-agent MOWR model and com-

pare it  with  the  proposed  high  order  sliding  mode  con-

sensus protocol  observer-based  controller.  The  PID  con-

troller is  a generic control  loop feedback mechanism and

regarded as the standard control structure of the classic-

al control  theory.  PID is  the  most  commonly  used  feed-

back controller, literally everywhere in industrial applica-

tions. Minimizing the process error is the goal of the con-

troller  plan which continually adjusts  the inputs.  In this

work,  the parameters  of  the  PID controller  are  obtained

by  trial  and  error  method  as Kp =  2, Ki =  0.25,  and

Kd = 0.2. Figs. 9 and 10 show the control inputs for the

multi-agent  omnidirectional  wheeled  robot  system  under

the  observer-based  controller  via  the  high  order  sliding

mode consensus protocol and PID with noise and disturb-

ance.

xi,1 xi,2
xi,3

Figs. 11–13 reveal all agents achieved consensus on the

third  states  of  the  multi-agent  system,  and  it  is  notable

that  the  consensus  has  been  reached  in  a  short,  limited

time. In Fig. 11, the simulation result is displayed for the

multi-agent omnidirectional wheeled robot systems under

an observer-based controller  using  the  high  order  sliding

mode consensus protocol  and PID without noise that all

agents achieved consensus on the third states of the non-

linear  multi-agent  omni-directional  wheeled  robot

(ODWR). Fig. 12 shows  response  of  the  robot  that  this

simulation is  performed  in  the  presence  of  the  measure-

ment  noise.  According  to  the  responses,  it  can  be  said

that all  agents achieved consensus on the third states of

the nonlinear multi-agent omni-directional wheeled robot.

System responses under the high order sliding mode con-

sensus protocol  observer-based  controller  for  the  pro-

posed MOWR in the presence of measurement noise and

the  environmental  disturbance  are  depicted  in Fig. 13.

Figs. 11–13 depict the state response of the ,  and

 for the closed-loop system. 

5.2   Example 2: MOWR with four wheels

In order  to  investigate  the  performance  of  the  pro-

posed  controller  design,  a  MOWR  system  with  four

wheels is considered as Example 2. The MOWR is a good

system to depict models with high nonlinearity equations,

variation  parameters  and  unmodeled  dynamics.  The

wheel  of  MOWR  includes  a  fixed  standard  wheel  with

passive rollers  attached  to  the  wheel  circumference  ac-

cording  to Fig. 14,  where  the  angle  between  the  wheel

plane  and  the  passive-roller  rotation  axis  is  45  degrees.
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Fig. 6     State variables of three agents without noise
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Fig. 8     State  variables  of  three  agents  with  noise  and
disturbance 
 

 

−20
−10
0
10
20
30
40
50
60
70
80

−80
−70
−60
−50
−40
−30
−20
−10
0
10
20

−35
−30
−25
−20
−15
−10
−5
0
5

10

High order sliding mode

High order sliding mode

Control signal Control signalControl signal

High order sliding mode

x
i,1

0 0.2 0.4 0.6 0.8 1.0
Time (s)

0 0.2 0.4 0.6 0.8 1.0
Time (s)

0 0.2 0.4 0.6 0.8 1.0
Time (s)

x
i,2

x
i,

3

PID controller

PID controller
PID controller
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R α

GA G A β

Thus,  the  geometric  parameters  can  be  explained  based

on points  and .  and  are the center point and the

robot  frame  origin  point,  respectively.  A wheel  mounted

on MOWR with local coordinate frame ,  is the angle

of the vector  from point  to point ,  is an angle

that specifying the angle between the vector and the axis

of the main wheel. So, the wheel center velocity compon-

ent can be expressed as follows:

ẋR cos
[π
2
−
(π
2
− (α+ β)

)
− (

π

2
− γ)

]
+

ẏR cos
[π
2
−
(π
2
− (α+ β)

)
− (

π

2
− γ)

]
+

lθ̇ cos
[
α+

(π
2
− (α+ β)

)
− (

π

2
− γ)

]
= rϕ̇ cos γ. (43)

l γ G A and  are the distance from point  to point  and
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Fig. 10     Control inputs for the multi-agent omnidirectional wheeled robot system under observer-based controller using the high order
sliding mode consensus protocol and PID with noise and disturbance
 

 

0 0.2 0.4 0.6 0.8 1.0
−0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

−0.1
0

0.1

0.2

0.3

0.4

0.5

0.6

−0.1
0

0.1

0.2

0.3

0.4

0.5

0.60.70.8

x
i,

1

Time (s)
0 0.2 0.4 0.6 0.8 1.0

Time (s)
0 0.2 0.4 0.6 0.8 1.0

Time (s)

x
i,

2

x
i,

3

PID controller

PID controller

PID controller

High order sliding mode

High order sliding mode

High order sliding mode

Fig. 11     State variable for the multi-agent omnidirectional wheeled robot systems under observer-based controller using the high order
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Fig. 12     State variable for the multi-agent omnidirectional wheeled robot systems under observer-based controller using the high order
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ϕ̇sw

ϕ̇

A

rϕ̇ cos(γ)
A

Z

R ẋR
ẏR

the  main  wheel′s  radius,  respectively.  is  the  passive

roller that is in contact with the flat floor,  indicates the

rotation  speed  of  the  main  wheel.  The  junction  between

the  two  points  of  the  floor  and  the  Mecanum  wheel  is

considered as an instantaneous rotation center. The men-

tioned velocity of point  is applied along the tangential

direction  because  it  is  assumed  to  be  in  a  pure  rolling

condition without slipping. Therefore,  is the ve-

locity of the point  along the contact roller′s axis.  The

rotation velocity about the  axis and the translation ve-

locity in terms of the local frame  are shown as the 

and . Then,

ẋR cos
[
(α+ β + γ)− π

2

]
+ ẏR cos[π − (α+ β + γ)]+

lθ̇ cos[π − (β + γ)] = rϕ̇ cos γ. (44)

Then, (44) is changed as follows:

ẋR sin(α+ β + γ)− ẏR cos(α+ β + γ)−

lθ̇ cos(β + γ) = rϕ̇ cos γ. (45)

Therefore, sin(α+ β + γ)

− cos(α+ β + γ)

cos(α+ β + γ)


T  ẋR

ẏR

θ̇

 = rϕ̇ cos γ. (46)

The  velocity  can  be  received  from  the  wheel′s rota-

tion  speed  because  any  kind  of  slip  is  not  considered

along the axis of the contact rollers in this model. There-

fore, (46) is assumed as

 sin(α+ β + γ)

− cos(α+ β + γ)

−l cos(β + γ)


T  ẋR

ẏR

θ̇

 = rϕ̇ cos γ. (47)

Ri is the rotation matrix which represents the orienta-

tion  of  the  inertia  frame {I} with  respect  to  the  robot

frame {R}:

RI(θ) =

 cos(θ) sin(θ) 0

sin(θ) cos(θ) 0

0 0 1

 . (48)

xR xI θ

ζ̇R = [ẋR, ẏR, θ̇]
T ζ̇R = RI(θ)ζ̇I

I ζI

The angle between axes  and  is , the robot′s ve-

locity  vector  in  terms  of  the  robot  frame,

 can be shown as . The ro-

bot velocity vector in terms of  the inertia frame  is ,

(47) can be rewritten as follows:

 sin(α+ β + γ)

− cos(α+ β + γ)

−l cos(β + γ)


T

RI(θ)ζ̇I = rϕ̇ cos γ. (49)

According  to  the  free  rotation  of  the  passive  contact

roller, the motion is not constrained. Therefore, the velo-

city relation is given as follows:

ẋR sin
[π
2
−
(π
2
− (α+ β)

)
− (

π

2
− γ)

]
−

ẏR sin
[(π

2
− (α+ β)

)
+ (

π

2
− γ)

]
+

lθ̇ sin
[
α+

(π
2
− (α+ β)

)
+ (

π

2
− γ).

]
=− rϕ̇ cos γ − rswϕ̇sw (50)

and

 cos(α+ β + γ)

sin(α+ β + γ)

l cos(β + γ)


T  ẋR

ẏR

θ̇

+ rϕ̇ sin γ + rswϕ̇sw = 0.

(51)

So, (50) can be transformed as

 cos(α+ β + γ)

sin(α+ β + γ)

l cos(β + γ)


T

RI(θ)ζ̇I + rϕ̇ sin γ + rswϕ̇sw = 0.

(52)

αi βi γTable  2 presents  the  angles ,  and  of  the  four

Mecanum  wheels. Fig. 15 depicts  the  omnidirectional

wheeled  robot  (OWR)  platform  with  four  Mecanum
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Fig. 14     Parameters of a Mecanum wheel
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wheels. The dynamic equations for the four-wheel centers

are given as follows:


sin(α1+β1+γ1) cos(α1+β1+γ1) −l1 cos(β1+γ1)
sin(α2+β2+γ2) cos(α2+β2+γ2) −l2 cos(β2+γ2)
sin(α3+β3+γ3) cos(α3+β3+γ3) −l3 cos(β3+γ3)
sin(α4+β4+γ4) cos(α4+β4+γ4) −l4 cos(β4+γ4)

×

RI(θ)ζ̇I =


r1ϕ̇1 cos γ1
r2ϕ̇2 cos γ2
r3ϕ̇3 cos γ3
r4ϕ̇4 cos γ4

 .
(53)

This part assumes that each wheel has an equal radi-

us and distance. Hence, the inverse kinematics equation is

defined as follows:


ϕ̇1

ϕ̇2

ϕ̇3

ϕ̇4

 = −
√

(2)

r
J

 ẋR

ẏR

θ̇

 (54)

α = tan−1

(
b

a

)
where , and J is the Jacobian matrix:

J =



(√
(2)

2

)
,

(√
(2)

2

)
, l sin

(π
4
− α

)
(√

(2)

2

)
, −

(√
(2)

2

)
, l sin

(π
4
− α

)
−

(√
(2)

2

)
, −

(√
(2)

2

)
, l sin

(π
4
− α

)
−

(√
(2)

2

)
,

(√
(2)

2

)
, l sin

(π
4
− α

)


×


cos θ sin θ 0

sin θ cos θ 0

0 0 1

 .
(55)

Equation (55) shows the forward kinematics equation

of the multi-agent omnidirectional wheeled robot system:

qi = [ẋi,1, ẋi,2, ẋi,3]
T = −

√
(2)

2
rJi


u1

u2

u3

u4

 (56)

xi,1 = xR xi,2 = yR

xi,3 = θ Ji = (JTJ)−1JT

u [ϕ̇1, ϕ̇2, ϕ̇3, ϕ̇4]
T

q1(0) = [2, 2, 2]T q2(0) = [1, 1, 1]T q3(0) = −[1, 1, 1]T

q4(0) = [−2,−2,−2]T

where the states of the robot are ,  and

.  The pseudoinverse  of J is ,  the

control  input  is .  In  the  simulation,  a

leader agent and three follower agents are considered, the

general  purpose  of  the  consensus  protocol  is  that  the

consensus moves within a limited time. Initial conditions

to  simulate  a  multi-factor  controller  are  considered  as

, ,  and

,  and also  their  initial  velocities  are

zero. Fig. 16 reveals that all agents achieved consensus on

the  third  state  of  the  multi-agent  system,  and  it  is

notable  that  the  consensus  has  been  reached  in  a  short,

limited time. In Fig. 16, the simulation result is displayed

for  the  multi-agent  omnidirectional  wheeled  robot

systems under an observer-based controller using the high

order  sliding  mode  consensus  protocol  without  noise;  all

agents  achieved  consensus  on  the  third  state  of  the

nonlinear MOWR. Fig. 17 shows the simulation result  in

the  presence  of  measurement  noise,  in  which  all  agents

achieved  consensus  on  the  third  state  of  the  nonlinear

MOWR.

xi,1 xi,2 xi,3

System  responses  under  the  sliding  mode  observer-

based controller with consensus protocol for the proposed

robot in the presence of measurement noise and the envir-

onmental  disturbance  are  depicted in Fig. 18. Figs. 16–18

depict the state response of the ,  and  for the

closed-loop system.
 

 

Table 2    Parameters of the Mecanum wheels

Wheels αi βi γi

1 tan−1
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Fig. 15     A multi-agent omnidirectional wheeled robot
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Fig. 16     Third variable state of four agents without noise under the high order sliding mode consensus protocol
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Fig. 17     Third variable state of four agents with noise under the high order sliding mode consensus protocol
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Fig. 18     Third variable state of four agents with noise and disturbance under the high order sliding mode consensus protocol

 
 

6   Conclusions

A novel observer-based control of the nonlinear multi-

agent  robot  models  using  the  high  order  sliding  mode

consensus protocol was proposed in this paper. The prom-

ising  performance  in  the  closed-loop  system  was  shown

via  the  combination  of  the  robust  sliding  mode observer

and  the  adaptive  controller.  Theoretical  analysis  by  a

candidate Lyapunov function had been presented to show

the stability  of  the  overall  MAS,  the  convergence  of  ob-

server and tracking error to zero, and the reduction of the

chattering phenomena. Furthermore,  the proposed meth-

od ensures all signals involved in MAS were uniformly ul-

timately bounded and the system was robust against the

external disturbances and uncertainties. The observer was

applied to a nonlinear multi-agent omnidirectional whee-

led robot  in  order  to  illustrate  the  promising  perform-

ance of the methodology. To illustrate the promising per-

formance of the methodology, the observer was used on a

nonlinear multi-agent omnidirectional wheeled robot. The

results  displayed  the  meritorious  performance  of  the

scheme.
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